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Abstract
By using topological degree theory and some analysis skill, we obtain some sufficient conditions for the existence of periodic
solutions for Rayleigh type p-Laplacian differential equation with deviating arguments.
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In the last few years, the existence of periodic solutions for delay differential equations has received a lot of
attention, For example, in [1–4], the following second order differentials equations with delay:
x ′′(t) + f (x ′(t)) + g(x(t − τ )) = p(t),
x ′′(t) + m2x(t) + g(x(t − τ )) = p(t),
x ′′(t) + f (t, x ′(t − τ )) + g(x(t − σ)) = p(t),
were studied. However, so far as we are aware, fewer papers discuss the Rayleigh type equation with deviating
arguments. In [5] Lu and Ge studied the following Rayleigh equation with a deviating argument:
x ′′(t) + f (x ′(t)) + g(x(t − τ (t))) = p(t), (1)
and by using coincidence degree theory, the authors obtained sufficient conditions for the existence of periodic
solutions for Eq. (1).
In this work we deal with the existence of periodic solutions for the Rayleigh type p-Laplacian differential equation
with deviating arguments of the form
(ϕp(x
′(t)))′ + f (t, x ′(t − σ(t))) + g(t, x(t − τ (t))) = e(t), (2)
where p > 1 and ϕp : R → R is given by ϕp(s) = |s|p−2s for s = 0 and ϕp(0) = 0, f, g are continuous
functions defined on R2 and are periodic about t with f (t, ·) = f (t + 2π, ·), g(t, ·) = g(t + 2π, ·), f (t, 0) = 0 for
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t ∈ R. e, σ and τ are continuous periodic functions defined on R with period 2π and ∫ 2π0 e(t) dt = 0. Obviously,
as p = 2, ϕ2(x) = x is a linear function and when σ(t) = τ (t) = 0, f (t, x) = f (x), g(t, x) = g(x), Eq.
(2) reduces to Eq. (1). So the results in [4] are contained in our work. However, because the p-Laplacian operator
ϕp : ϕp(x) = |x |p−2x is nonlinear, the continuation theorem of Mawhin [6] is not applicable, which leads to
difficulty for solving the problem (2). By using topological degree theory and some analysis skill, we obtain the
sufficient conditions for the existence of periodic solutions for Eq. (2).
For convenience, let us define
C1T := C1T [0, T ] = {x ∈ C1[0, T ], x(0) = x(T ), x ′(0) = x ′(T ), T > 0}.
For the periodic boundary value problem
(ϕp(x
′(t)))′ = f˜ (t, x, x ′), x(0) = x(T ), x ′(0) = x ′(T ) (3)
where f˜ ∈ C(R3, R), we have the following lemma:
Lemma ([7]). Let Ω be an open bounded set in C1T ; suppose that the following conditions hold:
(i) For each λ ∈ (0, 1) the problem
(ϕp(x
′(t)))′ = λ f˜ (t, x, x ′), x(0) = x(T ), x ′(0) = x ′(T )
has no solution on ∂Ω .
(ii) The equation
F(a) := 1
T
∫ T
0
f˜ (t, a, 0) dt = 0,
has no solution on ∂Ω
⋂
R.
(iii) The Brouwer degree of F
deg
(
F, Ω
⋂
R, 0
)
= 0.
Then the periodic boundary value problem (3) has at least one periodic solution on Ω .
By using this lemma, we obtain our main results:
Theorem 1. Suppose there exist positive constants K , D, M such that:
(H1) | f (t, x)| ≤ K for (t, x) ∈ R × R.
(H2) xg(t, x) > 0 and |g(t, x)| > K for |x | > D and t ∈ R.
(H3) g(t, x) ≥ −M, for x ≤ −D and t ∈ R.
Then Eq. (2) has at least one solution with period 2π .
Proof. Consider the homotopic equation of Eq. (2) as follows:
(ϕp(x
′(t)))′ + λ f (t, x ′(t − σ(t))) + λg(t, x(t − τ (t))) = λe(t), λ ∈ (0, 1). (4)
Let x(t) ∈ C12π be an arbitrary solution of Eq. (4) with period 2π . Firstly, we give x ′(t) a priori bound which is
independent of λ. By integrating both sides of Eq. (4) over [0, 2π], and noticing that x ′(0) = x ′(2π), we have∫ 2π
0
[ f (t, x ′(t − σ(t))) + g(t, x(t − τ (t)))] dt = 0. (5)
As x(0) = x(2π), there exists t0 ∈ [0, 2π] such that x ′(t0) = 0, while ϕp(0) = 0; we see
|ϕp(x ′(t))| =
∣∣∣∣∫ t
t0
(ϕp(x
′(s)))′ ds
∣∣∣∣
≤ λ
∫ 2π
0
| f (t, x ′(t − σ(t)))| dt + λ
∫ 2π
0
|g(t, x(t − τ (t)))| dt + λ
∫ 2π
0
|e(t)| dt
≤ 2π K +
∫ 2π
0
|g(t, x(t − τ (t)))| dt + 2π max
t∈[0,2π] |e(t)|. (6)
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and then we can assert that there exists some positive constant D1 such that∫ 2π
0
|g(t, x(t − τ (t)))| dt ≤ 4π D1 + 2π K . (7)
In fact, in view of condition (H1) and Eq. (5) we have∫ 2π
0
{g(t, x(t − τ (t))) − K } dt ≤
∫ 2π
0
{g(t, x(t − τ (t))) − | f (t, x ′(t − σ(t)))|} dt
≤
∫ 2π
0
{g(t, x(t − τ (t))) + f (t, x ′(t − σ(t)))} dt
= 0. (8)
Defining
E1 = {t : t ∈ [0, 2π], x(t − τ (t)) > D}
E2 = {t : t ∈ [0, 2π], |x(t − τ (t))| ≤ D} ∪ {t : t ∈ [0, 2π], x(t − τ (t)) < −D}
we can get∫
E2
|g(t, x(t − τ (t)))| dt ≤ 2π max{M, sup
t∈[0,2π],|x |≤D
|g(t, x)|}∫
E1
{|g(t, x(t − τ (t)))| − K } dt =
∫
E1
{g(t, x(t − τ (t))) − K } dt
≤ −
∫
E2
{g(t, x(t − τ (t))) − K } dt
≤
∫
E2
{|g(t, x(t − τ (t)))| + K } dt
which yields∫
E1
|g(t, x(t − τ (t)))| dt ≤
∫
E2
|g(t, x(t − τ (t)))| dt +
∫
E1+E2
K dt
=
∫
E2
|g(t, x(t − τ (t)))| dt + 2π K ,
that is∫ 2π
0
|g(t, x(t − τ (t)))| dt =
∫
E1
|g(t, x(t − τ (t)))| dt +
∫
E2
|g(t, x(t − τ (t)))| dt
≤ 2
∫
E2
|g(t, x(t − τ (t)))| dt + 2π K
≤ 4π max{M, sup
t∈[0,2π],|x |≤D
|g(t, x)|} + 2π K
= 4π D1 + 2π K
where D1 = max{M, supt∈[0,2π],|x |≤D |g(t, x)|}. Now substituting inequality (7) into (6) we obtain
|ϕp(x ′(t))| ≤ 4π D1 + 4π K + 2π max
t∈[0,2π] |e(t)| := M1.
By using the monotonicity of ϕp , we can get some positive constant M2 such that for all t ∈ R,
|x ′(t)| ≤ M2.
Since (8) is satisfied, there must exist t1 ∈ (0, 2π) such that
f (t1, x ′(t1 − σ(t1))) + g(t1, x(t1 − τ (t1))) = 0.
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By applying condition (H1) we have
|g(t1, x(t1 − τ (t1)))| = | − f (t1, x ′(t1 − σ(t1)))| ≤ K ,
and from condition (H2) we can get that |x(t1 − τ (t1))| ≤ D. Since x(t) is periodic with period 2π , so t1 − τ (t1) =
2nπ + t2, t2 ∈ (0, 2π) where n is some integer; therefore |x(t2)| ≤ D. So for all t ∈ R,
|x(t)| = |x(t2) +
∫ t
t2
x ′(s) ds| ≤ D + 2π M2 := M3. (9)
Setting
Ω = {x ∈ C12π(R, R)‖x | ≤ M3 + 1, |x ′| ≤ M2 + 1}
we know that Eq. (4) has no solution on ∂Ω as λ ∈ (0, 1) and when x(t) ∈ ∂Ω⋂ R, x(t) = M3+1 or x(t) = −M3−1,
from (9) we know that D + 2π M2 = M3, so M3 + 1 > D; we see that
1
2π
∫ 2π
0
{g(t, M3 + 1) + e(t)} dt = 12π
∫ 2π
0
g(t, M3 + 1) dt > 0
1
2π
∫ 2π
0
{g(t,−M3 − 1) + e(t)} dt = 12π
∫ 2π
0
g(t,−M3 − 1) dt < 0
so condition (ii) is also satisfied. Setting
H (x, μ) = μx + (1 − μ) 1
2π
∫ 2π
0
g(t, x) dt,
when x ∈ ∂Ω⋂ R, μ ∈ [0, 1] we have
x H (x, μ) = μx2 + (1 − μ)x 1
2π
∫ 2π
0
g(t, x) dt > 0
and thus H (x, μ) is a homotopic transformation and
deg
{
F,Ω
⋂
R, 0
}
= deg
{
1
2π
∫ 2π
0
g(t, x) dt,Ω
⋂
R, 0
}
= deg
{
x,Ω
⋂
R, 0
}
= 0
so condition (iii) is satisfied. In view of the previous lemma, there exists at least one solution with period 2π . This
completes the proof. 
By using a similar argument, we can obtain the following theorem:
Theorem 2. Suppose there exist positive constants K , D, M such that:
(H1) | f (t, x)| ≤ K for (t, x) ∈ R × R.
(H2) xg(t, x) > 0 and |g(t, x)| > K for |x | > D and t ∈ R.
(H3)
′ g(t, x) ≤ M, for t ∈ R and x ≥ D.
Then Eq. (2) has at least one solution with period 2π .
As an application, let us consider the following equation:
(ϕpx
′(t))′ + cos t sin x ′(t − sin t) + arctan
(
x(t − sin t)
1 + cos2 t
)
= cos t (10)
where we have f (t, x) = cos t sin x, g(t, x) = arctan x1+cos2 t , σ(t) = τ (t) = sin t and e(t) = cos t . We can easily
choose K = 1, D > π2 and M = π2 such that (H1)–(H3) hold. By Theorem 1, Eq. (10) has at lest one solution.
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Remark 1. If
∫ 2π
0 e(t) dt = 0 and f (t, 0) = 0, the problem of existence of 2π-periodic solutions to Eq. (2) can be
converted to the existence of 2π-periodic solutions to the equation
(ϕp(x
′(t)))′ + f1(t, x ′(t − σ(t))) + g1(t, x(t − τ (t))) = e1(t) (11)
where f1(t, x) = f (t, x)− f (t, 0), g1(t, x) = g(t, x)−
∫ 2π
0 e(t) dt + f (t, 0) and e1(t) = e(t)−
∫ 2π
0 e(t) dt . Clearly,∫ 2π
0 e1(t) dt = 0 and f1(t, 0) = 0, Eq. (11) can be discussed by using Theorem 1 (or Theorem 2).
Remark 2. When f (t, x) ≡ 0, Eq. (2) reduces to a Duffing type equation; the results also hold.
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